A CONFIGURATION SPACE FOR EQUIVARIANT 
CONNECTIVE K-HOMOLOGY 



MARIO VELASQUEZ 



Abstract. Following ideas of Graeme Segal we construct a configura- 
tion space that represents equivariant connective K-homology for group 
actions of finite groups and furthermore we describe explicitly the com- 
plex homology of this configuration space as a Hopf algebra. As a 
consequence of this work we obtain models of representing spaces for 
equivariant K-theory. 



1. Introduction 

The purpose of this paper is to set a description in terms of configu- 
ration spaces of the equivariant connective homology theory associated to 
equivariant K-theory, we wih denote this homology theory as equivariant 
connective K-homology. We also find a description of the homology of the 
fixed point space of these configuration spaces in terms of some Hopf al- 
gebras studied initially by Segal in |Segal(1996)| and generalized by Wang 
in [Wang(2000)| . We follow ideas of Graeme Segal, and most of the results 
and proofs generalize results contained in Segal(1977)] and [Segal(1996)| for 



the equivariant setup. On the other hand it answers a question asked by 
Wang in Wang(2000)| about the possibility to relate a Hopf algebra defined 



by him with the homology of some configuration space generalizing Segal's 
work. Finally as a consequence of this work we have obtained a model for 
the equivariant K-theory spectrum that in analogy with the ideas presented 
in Hohnhold et al.(2010)Hohnhold, Stolz, and Teichner must be the 'sim- 



plest' from all the models known. The results in this paper corresponds with 
the PhD thesis of the author [Velasquez (20 12) | . 

The first appearance of configuration spaces was possibly in the Dold- 
Thom Theorem ( [Dold and Thom(1958)| ). In this work the authors relate 
the reduced singular homology group of a based finite C W-complex {X, xq ) 
with the topology of a configuration space consisting of finite subsets of X 
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which not contain xq and where each element has a multiphcity (i.e each 
element is labeled by a positive integer). The topology of the configuration 
space must have the following properties: 

(1) If two elements converge to a third element, the label in the limit 
will be the limit of the sum of the labels in the initial points. 

(2) If a sequence converges to xq, then the labels converge to 0. 

It is possible to obtain a more systematic definition of this configuration 
space, let us see how. 

Consider the natural action of the symmetric group (3„ over X", we can 
include in in the following way 

(xi, . . . , Xn) 1-^ (^^Oi . . . , Xn), 

when Xq is the base point of X. Using this identification we define 

SP^ := lii^X"/©", 

n 

with the quotient topology. Clearly SP°°{X) satisfies the properties that 
we described above. 

Dold and Thorn proved that the functor 

7r,(5P°°(_)) : fCWo^Z-Ab 

from fCWo, the category of based finite CW-complex to Z—Ab, the category 
of Z-graded abelian groups, is a reduced homology theory. Moreover, the 
functor TT^{SP°°{S)) satisfies the dimension axiom and therefore, by Eilen- 
berg axioms of homology theory, we have 

Theorem 1.1. (Dold-Thom) There is a natural equivalence hetweemi^{SP°°{^) 
and -?/*(_). 

Given a reduced homology theory IK* we can associate (following [Adams(1995)] ) 
another cohomology theory such that: 

(1) There is a natural transformation 

c : /i* ^> IK* 

such that this transformation is an isomorphism when we evaluate 
in 5*" = {0, 1} in positive indexes. 

(2) /i* does not have negative indices. 

/i* is called the connective homology theory associated to IK* and /i* is 
uniquely determined by these conditions. 

Segal in [Segal(1977)| found a version of Dold-Thom theorem in the con- 
text of K-homology. We summarize it, he construct a functor in analogy 
with SP°°{-) for connective K-homology. 

Definition 1.2. Given a connected finite CW-complex consider the space 
€{X) :=limFom*(Co(X),Mat„xn(C)), 



A CONFIGURATION SPACE FOR EQUIVARIANT CONNECTIVE K-HOMOLOGY 3 



with the weak topology, when the colimit is taken by the inclusions 

Matnxn{<C) Mat(„+i)x(n+l)(C) 



A ^ 



A 




and Cq{X) is the space of complex-valued continuous functions on X that 
vanish in a base point xq, and * refers to *-homomorphism. 

This space has a geometric description that allows to think of it as a con- 
figuration space, the elements in can be viewed as finite subsets of X, 
where each element in the finite subset is labeled by a mutually orthogonal 
nonzero finite dimensional vector space (subset of C°°), and the topology 
has the following properties. 

(1) If two points converge to same points, the label in the limit will be 
the limit of the direct sum of the labels of the initial points. 

(2) If a sequence converges to xq, then the labels converge to 0. 

Segal obtain a Dold-Thom-Theorem for connective K-homology in the 
following way: 

Theorem 1.3. | Segal(1977)] Given X a based finite CW-complex, there is 
a natural application 

7r,(e:(x)) >o) 

such that 

(1) This application is an isomorphism when X = . 

(2) 7r*(5(-)) is a reduced homology theory in finite CW-complexes and 
the application is a natural transformation between reduced homology 
theories. 

Here K is the reduced K-homology. 

Now, let us describe the other topic of the paper. Segal in [Segal(1996)] 
partially motivated by [Gr o j nowski (1996)] studied the graded algebra 



r{X) :=0(z"K5jX")0C, 



n.>0 

with a product defined using the induction functor from {Sn x 5'm)-(equivariant) 
vector bundles to Sn+m-vector bundles. Segal found a relation between the 
graded algebra ^'^{X) and the configuration space '^{X). 

Theorem 1.4. Given X a even dimensional Spin^ -manifold. There is a 
natural isomorphism of graded Hopf algebras 

H,{<s:{x)-C) = WQ, 

where the completion is taken over the augmentation ideal. 
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Here H^{(t{X);C) is endowed with a graded algebra structure induced by 
the Hopf-space structure in ^{X) given by 'putting together' the configura- 
tions (this product is called the Pontryagin product). 

The main goal of this paper is to obtain equivariant versions of theorem ll.3l 
and 11.41 In the first part we recall the definitions of equivariant homology 
theories following [Luck(2002)] and we include some others preliminaries 
that will be use for later section. 

In the second part we define the configurations space associated to equi- 
variant K-homology and prove that the functor defined as its homotopy 
groups satisfies the long exact sequence axiom and wedge axiom. In this 
part we also define a natural transformation from the homotopy groups of 
the configuration space to equivariant k-homology and we prove that this 
natural transformation is an isomorphism when we apply it to the space 
with the trivial action. 

In the third part we prove that the functor defined in part two has a induc- 
tion structure in finite groups in the sense defined by Liick in |Luck(2002)| , 
we use this fact to prove that the functor is an equivariant homology theory 
and finally deduce that it coincides with equivariant connective k-homology. 

In the last section we describe a relation between the homology of the 
fixed point space of the configuration space in terms of the equivariant ge- 
neralization of the Hopf-algebra ^'^(X). 

Acknowledgements. The author would like to express its gratitude to Bernardo 
Uribe who read the manuscript and made a number of important sugges- 
tions, and to Prof. Wolfgang Liick by the invitation to be in his topology 
group in Miinster where part of this work was done. 



2. Preliminaries 

2.1. Classifying space fo equivariant K-theory. All results in this sub- 
section is taken from [ Lewis et al.(1986)Lewis, May, Steinberger, and McClure] . 
All topological spaces considered in this paper are compactly generated. 

Given a compact Lie group G the Peter- Weyl theorem ( [Peter and Weyl(1927)| ) 
implies that for H a separable complex Hilbert space '■= L''{G) (8) H is 
a complete G-universe i.e. a complex vector space that contains (up to iso- 
morphism) every irreducible finite dimensional representation of G infinitely 
many times. 

For the complete G-universe He, let BU{n,IlG) be the G-space of n- 
dimensional vector subspaces of U, the group G acts continuously in BU{n, Mq) 
and let EU{n, Mg) be the G-space whose points are pairs consisting of an 
element vr in BU{n,MG) and a vector v € tt. The map EU{n,M.G) — > 
i?C/(n, Hg) such that (vr,u) i— )• vr is a universal complex n-dimensional G- 
bundle. For each finite dimensional G-vector subspace V C and each 
integer g > 0, we may take a classifying space 



BU{q,VeMG) 
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for g-dimensional bundles. For V CW, we have an inclusion 

BU{q, y e Mg) ^ BU{q + dim{W - F), W Mg) 
that sends the vector subspace A to the subspace A © {W — V). Define 
BUg{V) =lm^BU{q,V (BMg). 

We take the plane V ©0 in BU{dim{V), V (B^g) as the canonical G-fixed 
basepoint of BUciV). For V C W, we then have an inclusion BUg{V) in 
BUg{W) of based G-spaces. Define BUg to be the colimit of the BUg{V). 
For finite based G-CW complexes X, the definition of Kg{X) as a Grothendieck 
group and the classification theorem for complex G-vector bundles lead to 
an isomorphism (see Lashof et al.(1983)Lashof, May, and Segal] ) 



[X,BUGf = KG{X). 



2.2. Finite rank operators space. Let X and Y be left G-spaces. There 
is a (left) G-action on the set of Map{X, Y) of mappings from X to y 
defined by {g,f ) ^ {x ^ g{f{9~^x))). 

If Map{X,Y) carries the compact open topology and X is locally compact, 
then this action G x Map{X, Y) Map{X, Y) is continuous. Notice that 
the fixed point set Map{X,Y)'-' consist of the G-equivariant maps from X 
to Y. 

We denote the C*-algebra (for a definition of C*-algebra see |Murphy(1990)| ) 
FRn{MG) '■= {A G End{M.G) \ rank{A) < n} with the compact open topol- 
ogy (in this case this topology coincides with the weak topology because 
the finite rank condition). We have an inclusion FRn{M.G) — > FRn+i{M.G) 
and we denote the colimit by FR{M.g)- Because the above statement G acts 
continuously on FR{Mg)- 

2.3. Equivariant connective homology theories. We introduce G-homology 
theories and equivariant homology theories. First we follow |Bredon(1967')] . 

Definition 2.1. A reduced G-homology theory "K^ with values in R-modules 
is a collection of covariant functors from the category of based G-CW- 
pairs to the category of R-modules, indexed by n (z 1^, together with natural 
trans fo rm ations 

: J{^{X,A) ^ ^tM) ■■= ^li(A^o) 
for n € Z, such that the following axioms are satisfied: 

(1) G-homotopy invariance. 

If fo and fi are G-homotopic maps {X,A) — )• (Y,B) of G-CW- 
pairs, then 

Ji^{fo)=:K^{fi) forneZ. 
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(2) Long exact sequence of a pair. 

Given a pair {X,A) of G-CW-complexes, there is a long exact 
sequence 

. . . ^ ^Ux. A) ^ :kS(A) ^ m :kS(x. . . . , 

where i : A ^ X and j : X — ?> (X, A) are the inclusions. 

(3) Wedge sum axiom 

Let {Xi I i € /} 6e a family of G-CW-complexes. Denote by 
ji : Xi ViG/ -^i canonical inclusion. Then the map 

is bijective. 

Now we will define reduced equivariant homology theories following [Liick(2002)| . 

Definition 2.2. Let a : H ^ G be a group homomorphism. Given an 
H -space X (that means a space with an action of a group H), define the 
induction of X with a to be the G -space indaX ( we also denote by G x^X ) 
which is the quotient ofGxX by the right H -action {g,x)-h := {ga{h),h^^x) 
for h ^ H and {g,x) (z G x X. If a : H ^ G is an inclusion, we also write 
indQ instead ofinda- 

An equivariant homology theory Jil with values in R-modules consists of a 
G-homology theory !K'^ with values in R-modules for each group G together 
with the following so called induction structure: given a group homomor- 
phism a : H ^ G and an H-CW-pair {X,A) such that ker{a) acts freely 
on X , there are for all n ^"L natural isomorphisms 

inda ■■ 'J{^iX,A) ^ 'J{^{indaiX,A)) 

satisfying: 

(1) Compatibility with the boundary homomorphisms. 

o inda = inda o . 

(2) Functoriality. Let f3 : G ^ K be another group homomorphism 
such that ker{/3 o a) acts freely on X . Then we have for n ^'L 

indfiooc = 'KnK{fi) o indi3 o inda'K^ {X, A) Ji^ {ind^oaiX, A)), 

where fi : indi3{indaiX , A)) ^ indi3oa{X,A), {k,g,x) {kj3{g),x) 
is the natural K -homeomorphism. 

(3) Compatibility with conjugation. 

For n ^ Ij, g ^ G and a G-CW-pair {X,A) the homomorphism 
indc{g):G^G ■ '^ni^^^) i^ndc(g)-G^G{X, A)) agrees withJ{^{f2) 

for the G -homeomorphism f2 : {X,A) — )• ind^(^gyQ^Q{X, A) which 
sends x to {l,g~^x) in G Xc(g) {X,A). 
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Then it is natural to associate, in analogy with [Adams(1995) Pg. 205], to 



a (reduced) G-homology theory a (reduced) connective G-homology theory 
in the following way. 

Given a reduced G-homology theory IK^ we can associate another reduced 
G- homology theory such that: 

(1) There is a natural transformation c : h ^ "K such that c is an 
isomorphism when we evaluate in the homogeneous spaces G/H in 
positive indexes. 

(2) does not have negative indices. 

is called the G- connective homology theory associated to JC^. The 
functor hf is uniquely determined by these conditions. 

2.4. Orientability in K-theory. 

Definition 2.3. Denote by ClijJ{n) the 'L/2'L- graded complex *-algebra gen- 
erated by skew-adjoint degree-one elements ei, . . . ,e„ such that 

We shall consider M" as embedded into Clijf{n) in such a way that the stan- 
dard basis of M" is carried to ei , . . . , . 

Denote by Spin'^(n) the group of all even-grading-degree unitary elements 
in Cliff (n) that map M"' to itself under the adjoint action. This is a compact 
Lie group. The image of the group homomorphism 

a : Spin'=(n) ^ GL{n,R) 

given by the adjoint action is SO{n) and the kernel is the circle group U{1) 
of all unitary in Cliff(n) that are multiples of the identity element. 

There is a natural complex conjugation operation on Cliff(n) and the 
map u I— 7- uu* is a homomorphism from Spin'^(n) onto U{1). The combined 
homomorphism 

Spin^(n) ^ SO{n) x C/(l) 

is a double covering. 

Definition 2.4. A principal {G, TT)-bundle X — ?> X/tt is a principal n-bundle 
and a G-map such that G acts on X through n-bundle maps. For a n-space 
F, ^ : X F ^ X/iT is the associated {G,iT)-bundle with fiber F. 

Definition 2.5. Let M be a smooth G-manifold and let V be a smooth, real 
G-vector bundle over M of rank n. A G-Spin'^ -structure is a homotopy class 
of commuting diagrams 

Q — ^ P 
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of smooth G-manifolds, where P is the bundle of ordered bases for the fibers 
ofV, Q is a G-equivariant principal Spin^{n) -bundle, and 

ip{qu) = (p{q)a{u) 

for every q £ Q and every u G Spin^{n). 

Every G-complex vector bundle carries a natural Spin'^-structure because 
there is lifting U{k) Spin^(2A:)of the map U{k) SO{k) x U{1). 

A G-Spin^ -vector bundle is a smooth real G- vector bundle with a given 
G-Spin'^-structure. The direct sum of two G-Spin'^-vector bundles carries a 
natural G-Spin'^-structure. It is obtained from the diagram 



Spin'^(m) X Spin'^(n) > Spin'^(m + n) 



GL(n,M) xGL(m,M) > GL{m + n,R) 



Definition 2.6. If M is a smooth G-manifold, then a G-Spin'^ -structure on 
M is a G-Spin^- structure on its tangent bundle. 

Definition 2.7. // M has a G-Spin'^ -structure, one can associate a Thom 
class [^ihi] to its tangent bundle, = ©j(— 1)*A*(TM) 

Tlieorem 2.8. ( ^Atiyah et al.(1964)Atiyah, Bott, and Shapiro] J7/ M is an 

n-dimensional Spin'^ -manifold the Thom class is a Kc-orientation. 



Combining the above fact and Poincare duality in the form of [May(1996) 
Thm.XVI.9.2] we have the following 

Theorem 2.9. Given M an n-dimensional G-Spin^ -manifold there exist an 
isomorphism 

D : K*a{M+) ^ K^_,{M) 

2.5. Hopf spaces and Hopf algebras. In this part we follow [Whitehead (1978)] 
and [ Milnor and Moore(1965)] . 

Definition 2.10. A Hopf space (or simply H-space) is a pointed space 
{Kjko) with a multiplication map fi : K x K —?■ K such that ko is a ho- 
motopy identity, that is, the diagram 

K > K X K < K 
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commutes up to homotopy: /io(l, /cq) ~ 1 ~ /io(A;o, 1). We say fi is homotopy 
associative if the diagram 

K xK X K K X K 



IXfJ, 

K X K > K 

commutes up to homotopy /io(^xl)~^o(lx/i) 

The diagonal map /S. : K ^ K x K and the product ^ : X x X ^ X may 
be considered to induce homomorphisms 

A* : H,{X;C) H,{X;C)0H4X;C), 

fi^ : H^{X;C)(^H4X;C) ^ F,(X;C). 



Theorem 2.11. ( ^Whitehead (1 978) [ Thm. III.8.4]; Under the h omomor- 



phism n^, A*, the graded module H^:{X]C) is a graded Hopf algebra over 
C. 

2.5.1. The Samelson product. Given K a homotopy associative Hopf space, 
we choose an a € 7r„ {K) and a /3 G tt^ {K) . These determine elements p* (a) , 
p*M G [5" X 5"^, K]o, where p„ : 5" x ^ 5" and : 5" x 5"^ ^ 
are the projections. As [S" x S"^,K]q is a group consider the commutator 

If j : y S"™ — )• S*" x S"" denotes the inclusion, we have the following 
Fact 2.12. 

where e denotes the unit in TTn+miK). 

Since 5"" V S™' is a subcomplex of 5" x 5™, there exists an exact sequence 

where q : x — )• 5" A S"" is the quotient map. Hence there exists an 
element , written (a,/3) € 7r„+m(^) such that 

q*{{a,/3)) = [p:{a),p*M]. 

Fact 2.13. q* is one-to-one. 

Definition 2.14. The Samelson product of a ^ 7r„(iir) and (3 G 7Tm{K) is 
the element {a,f3) G TTn+miK) uniquely defined by 

q*i{a,(3)) = \p:{a),p*M]. 



Theorem 2.15. f |Whitehead(1978)i Thm.X.5.1, Thm.X.5.4 and Thm. X.6.3]; 



The map {a, 13) (a, /3) is bilinear, and so defines a pairing 7r„(K) 

■Km{K) TTn+miK). MorCOVCr 



10 



MARIO VELASQUEZ 



(1) (/3,a) = (-ir-+i(a,/3), 

(2) If-feniiK), then 

{-ir\a, (/3,7)) + (-l)"™(/3, (7, a)) + (-1)™'(7, (a, /?)) = 0, 

(3) If Xn ■ TTn{K) — )• Hn{K) IS the Hurewicz morphism, then 

A„+„((a,/3))A„(a) • A„(/3) - (-l)"-A„(/3) • A„(a). 

Consequently, the graded complex vector space ^T^,(K■, C) such that 7r„(i^; C) = 
TTniK) (Si C becomes a graded Lie algebra over C, and the induced morphism 
A : 7r*(i^;C) — > H^:{K;C) is a morphism of graded Lie algebras. 

We finish with the fohowing theorem. 



Theorem 2.16. ( ]Milnor and Moore(1965)| Thm. of the Appendix]^ If K 



is a pathwise connected homotopy associative H-space with unit, and A : 
7r*(-ftr;C) —?■ H^{K;<C) is the Hurewicz morphism viewed as a morphism of 
graded Lie algebras, then the induced morphism A : §{7r{K;C)) — > H^{K]C) 
is an isomorphism of Hopf algebras. Where §{A) denotes the (7j2-graded) 
supersymmetric algebra associated to the Lie algebra A, this supersymmetric 
algebra here is equal to the tensor product of the symmetric algebra S{A) and 
the exterior algebra A{A) . 

Here (_) denotes the completion with respect to the I-adic topology, 
when / is the augmentation ideal i.e / = ker{e) where e is the counit 
of the Hopf algebra §(7r*(i^; C)). (For an explanation on completions see 



Atiyah and Macdonald(1969) Chapter 10].) 



3. Equivariant connective K-homology and a configuration 

SPACE 

Let us recall ( [Segal(1977)| ) that in the non-equivariant case to describe 
the connective K-homology for a finite CW-complex X we consider the con- 
figuration space of finite subsets of X where each point is labeled by an 
element of BU, the infinite grassmanian of C°°. Then it would be natural 
to describe the equivariant K-homology of a G-CW-complex X as the con- 
figuration space of points in X when the labels are elements of BUq with 
the appropriate equivariant conditions. This section is devoted to prove the 
previous statement. 

Definition 3.1. Given a compact Lie group G and X a based G-connected 
G-CW-complex. Let C{X;G) be the G-space of configurations of complex 
vector spaces (or simply the configuration space when the context is clear). 

<i{X,G) = U Hom*{Go{X),FRn{MG)), 

n>0 

with the compact open topology. Notice that * refers to *-homomorphism. 
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Remark 3.2. Although C{X; G) is a space of operators m analogy with 
Segal(1977)| we can describe it as the G-space of finite subsets of X, where 
each element is labeled by a mutually orthogonal finite dimensional subspace 
in Gr(IHG'). This is the reason to call C{X; G) a configuration space. 

□ 

We endow to ^{X, G) with a G action in the following way: 
If F € (tciX), we define 

g-F:Co{X)^ FRiMo) 
f^g.F{g-'-f). 
As in section 1.1 this action is also continuous. 

Remark 3.3. We can describe the action in the geometric model in the 
following way, for F G ^{X, G) such that F has eigenvalues given by func- 
tions which consist in evaluations xi : Co{X) — > C,...,x„ : Co{X) C, 
with eigenspaces such that ii v G 14 . and / G Go{X) then 

-^(/)(^) = f{xi)v, we have that 

{g ■ F){f){gv) = g[{F{g-^mg-^gv)] = g[{f{gxi)){v)] = {f{gx,)){gv) 

where the last equality follows because f{gxi) is a scalar. This means that 
g ■ F has eigenvalues given by evaluations gxi, . . . .gxn, with eigenspaces 
gVxi , . . . , gVx„ . 

This is allow us to conclude that the previous geometric description of the 
configuration space of finite subsets, when each element of the set is labeled 
by a finite dimensional subspace of Mq, may be endowed with a G-action in 
the following way: 

9 ■ {(2:1, KJ, • • ■ , {xn,VxJ} := {{gxi,gVx^), {gXn,gVa:J} 

□ 

Consider the category of pairs {X, A) where X is a based G-CW-complex 
and A a closed G-ANR, which means that there exists a G-open set U ^ 
A such that [/ is a weak G- deformation retract of A. This category is 
equivalent to the category of the pairs with homotopy type of G-CW-pairs 

( [Murayama( 1983)] ) ; we denote this category by GWq\ We define a family 

(2) 

of covariant functors from GWq to the category of Z-graded abelian groups 
(_, _) : GWq'^ — )• Z — graded abelian groups 

~£{X,A) ■.= ^^{^{X/A-G)). 

~? 

Theorem 3.4. The functor is a reduced equivariant homology theory. 

Proof. (1) Homotopy axiom 

The functor £(_, G) sends G-homotopic spaces to G-homotopic 
spaces, by the following simple argument. Let fi : X ^ Y {i = 0, 1), 
G-homotopy maps, then /j* : G) — )• €(Y, G) are G-homotopy 
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maps (because the topology is the compact-open topology). Hence 

Q 

the functor fc„ is G-homotopy invariant. 

(2) Long exact sequence axiom 

To prove the long exact sequence axiom for we will show that 
: (L{X; G) ^ <t{X/A- G) 
is a G-quasifibrations. Le us recall the definition of G-quasifibration. 

Definition 3.5. |Waner(1980")] A map p : E ^ B in G - CWq is a 

G-quasifibration if for every b € B and H Gf, = {g G \ gb = b} . 

p^ ■.iE,p-\b)f ^iB,bf 
is a quasifibration. 

For {X, A) G GW§^ we have an inclusion (t{A, G) C e:(X, G), and 
a canonical projection : G) — )• ^{X/A,G). The G*-algebra 
Gq{X/A) can be identified with 

Go(X,^) = {/:X^C|/U = 0}. 

We can describe p* using this identification, for / G Cq{X/A), note 

that p.{F){f) = F{^{f)) where ^ : Co{X/A) ^ Go{X,A). 

For {X,A) a G-ANR pair, let iV be a G-neighborhood of A in 
X, such that is a G-deformation retract of A\ we denote the 
G-retraction hy r : N ^ A. The map r induces a G-application 
r* :Go(A) ^Go(X). 

The pair of G-open sets {iV, X \ A} \s a, G-open covering of X, 
then there is an G-equivariant partition of unity {pi,p2} (It can be 
obtained simply taking the non-equivariant partition of unity and 
averaging by G) associated to this covering such that supp{pi) C N 
and supp{p2) ^ X\A. Using this partition of unity we can define a 
G-map 

Go(X)^Go(A) xGo(X,A) 
/ ^ (/ U,/.P2) 
Lemma 3.6. For every b G <t{X/A^ G) there exists a map 

Ph:p:\b)^^{A,G) 
which is a Gb-homotopy equivalence. 
Proof If F G p-^{b) where F : Go(X) ^ FR{mG) then 
F \coix,A)=^°'P~^ 

we define 

Mfe:p-i(6)^e:(AG) 

for / G Go{A), Pb{F)U) := F{p,.r*if)). 
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We define a homotopy inverse of fib- Let 

jh:<^iA,G)^p-\b) 

for / G Co{X) and F £ G), we define 

7,(F)(/) :=F{f \A) + b{^-\f.p2)). 

The composition fj-t o '■ ^{A, G) — )• C (A, G) is Gfe-homotopic to 
the identity because for F € G) and / G Co(^) we have 

{fib o 7fe)(i^)(/) = li>{F){Pi-r*{f)) = F{{pi.r*if )) \a) + b{rHP2Pir* (f))) 

The last expression is equal to F{f) + b{(p^^{p2pir* {/))), and choos- 
ing a Gfe-equivariant path between b and we can define a deforma- 
tion from the last expression to the identity. Let 7t be a path 
that connect b and 0, we define 

Ht:€{A,G) ^€{A,G) 
Ht{F){f) = F{f)+^t{^-\p2Pir*{f)) 
Ht is the desired homotopy 

The composition jb° Pb '■ P*^{b) — > P^^{b) is G^-homotopic to the 
identity because for F € p^^{b) and / € Co{X) we have 

76 o = MF)if U) + 6(/52/) = F{pir*if U)) + 6(r'(//52)) 

but p2f € C'o(X, A) then we have the equality 

lbopb{F){f) = F{pir*{f U) + /P2), 

but pir*{f \a) + fp2 can be continuously deformed (in Co{X)) to 
pif + P2f = f hy a linear homotopy. Note that pi, p2, r* and 
(f^^ are G^- equivariant maps this allows to conclude that pb is a 
Gfe-homotopy equivalence □ 

To obtain the long exact sequence axiom it is enough to prove 
that : G) C (X/^, G) is a G-quasifibration. 

Theorem 3.7. The map 

p^ : <t{X, G) ^ (t{X/A, G) 
is a G-quasifibration. 

Proof. For this proof we need to recall the following lemma. 

Lemma 3.8. ( ^Waner(1980)] ; A map p : E ^ B is a G-quasifibration 
if any one of the following conditions is satisfied: 

(a) B can be decomposed as the union of G-open sets Vi and V2 
such that each of the restrictions p~^{Vi) Vi , p~^{V2) V2 
, and p~^{Vi n V2) — > Pi n V2 is a G-quasifibration. 

(b) B is the union of an increasing sequence of G-subspaces Bi C 
B2 ^ ■ ■ ■ with the property that each Gcompact set in B lies in 
some Bn , and such that each restriction p^^{Bn) — ?• Bn is a 
quasifibration. 
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(c) There is a G- deformation Vt of E into a G-subspace Eq, cover- 
ing a deformation Tt of B into a G-subspace Bq, such that the 
restriction Eq Bq is a G-quasifibration and Ti : p~^{b) — > 
p~^(f 1(6)) is a Gh-weak homotopy equivalence for each b ^ B. 

Let us filter (L{X/A, G) by G-closed spaces in the following way 

e'iX/A.G) = {F G <t{X/A,G) I rank{F) < n}. 

We want to prove in the following lines that p |p-i(e;"(x/A,G)) is a 
quasifibration, we proceed by induction. 

Lemma 3.9. The restriction map p \ p^^(€J''{X/A,G)) is a quasifi- 
bration. 

Proof, n = is trivial, because it is a map from a point to a point. 
Now suppose that p \ p~'^{'V^{X/A.,G)) is a quasifibration, we will 
prove that p \ p~^ {^^^^ {X / A., G)) is a quasifibration in two steps. 

Step 1: Let us show that we can find a G-open set U that 
cover (t^{X/A,G) and such that U is (weak) deformation retract 
of ^^{X/A.,G) and p \ p~^{U) is a quasifibration. The existence of 
U will be proved in the following argument 

Recall that there is has a G-neighborhood N X oi A such that 
is deformation retract of A. 

Let rt : X ^ X, {t e [0,1]), such that ri(iV) = A, rt{a) = a 
for every a & A and ro = idx ■ Consider 

(n), : (r+'{x/A,G) ^ <r+Hx/A,G), 

{ri)-\€'^{X/A,G)) is a closed subset of (t^'+^X / A, G) . We can 
suppose that there is an open set W in (t^^^ {X / A, G) such that 

iriy\(t''{x/A,G)) ^w^ e:"(x/AG) 

and W deforms in ^{X/A, G) (using the cylinder of the inclusion if 
it is necessary). Let U = p~^{W), rt induces a homotopy 

fu:p-\€^^\X/A,G))^p-\€^-^\X/A,G)), 

whose restriction to ?7 is a deformation of U to p~^(C"(X/A, G)), 
the homotopy f^* covers r^*. To conclude that p : U ^ p{U) is a 
quasifibration it is enough to prove that fu : p^^{b) — )• p^^ {ri*{b)) 
is a weak Gf,-homotopy equivalence, for this we will use the part 
(c) of lemma [3^ The proof of fu is a Gf,-homotopy equivalence is 
completely analogue to the proof of lemma 13.61 

Step 2: To prove that p \p-i(C"+^(x/A,G)\<t^ix/A,G)) and 
p \p-i(>cn+^x/A,G)\£"{X/A,G))np'^U) are quasifibrations. 
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We want to define a section 

s : (r+\X/A, G) \ (L'^iX/A, G) ^ p-\e''^\X/A, G) \ (t'iX/A, G)). 

As in |Segal(1977)| every F G ii^+^{X/A,G) \ ^'^{X/A^G) can be 
characterized by its eigenvalues given by evaluations maps Xj : Go{X/A) — )■ 
C, (i = 1, . . . , n + 1, Xi / xq) and its eigenspaces Vi, . . . , Vn+i- There 
exists Iq <1 such that for every t <1 with t > to) we have that for 
every / € Cq{X) 

F{{piors).f)=F{{piort).f). 

Using the above statement we define 

s{F){f) := F({p,ort).f) 

and since s{F) is defined by multiplication by continuous maps, 
then s{F) is continuous. To see that s is continuous consider a 
sequence of elements Fk in (t'^+'^{X/A,G) \ (i''{X/A,G) that con- 
verges to F G (t'^+^{X/A,G) \ C:'"(X/A,G). Fk has eigenvalues Xi^k, 
each sequence {xi^k)k cannot converge to xq because this implies 
that F € €^{X/A,G), and therefore there is a i G [0, 1) such that 
for every k and for / G Cq{X) 

s{Fk){f) = Fkiipi o r,).f) and s{F){f) = F{{p^ o r,)./), 

where s applied to this sequence is obtained multiplying by a con- 
tinuous function, and hence s{Fk) F, i.e s is continuous. 
We have that p o i = id,rn+i(^x/A,G)\€"{x/A,G)^ then 

: 7rf'{p-He'+\X/A,G)\<t^{X/A,G)),p~'{b)) ^ 7Tf'{<t''+\X/A,G)\<t^{X/A,G),b) 

is surjective. To see that is injective, let 

g : {D\ dD') ^ p~\€'^+\X/A, G) \ (r{X/A, G)) 

be a representative element of ker{p^) then p o g b 

Let 7t : {D\ dD^) xl ^ (T+^X/A, G) \ C'iX/A, G) be such that 
lo = P° 9 and 71 = b. We define 

7 : {D\dD^) X / ^ \ <t^{X/A,G)),p-\b)) 

^{a,t){f) :=j{a,t){pi.f)+g{a){p2.f). 
It is a homotopy that starts in g and ends in an element oip~^{b) then 
[5] = in ^f''(p-i(e+n^M,G) \ it allows to 

conclude that the kernel is trivial. □ 

Using the lemma ISTsT b) together with lemma [3^ we can conclude 
that the map 

: (t{X, G) ^ <t{X/A, G) 
is a G-quasifibration. □ 
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(3) Wedge axiom: 

It is a consequence of the fact that given F G Hom*(W^^j Co(Xj), Fi?n(ElG)), 
and / = {fi)i£i G Yli^i Co{Xi), as the maximum rank of F{f) is n 
for every /, there exist k such that 

k 

F{{hUi) = Y,FU))- 
i=i 

This is ahows to us conclude that 
i&I iei 

□ 

Q 

At the moment we have proved that the functor k^, is a G-homology 
theory for every finite group G. 

Q 

Now we win define a natural transformation 21 from fc^ to reduced equi- 
variant K-homology that we denote by such that 

kf{(t{G/H)) := [G/H A S\ (t{G/H, G)]g ^^^^^^"> Kf{G/H) for i > 

is an isomorphism. Let us start with some preliminaries 
The study of representations of a C*-algebra has a strong relation with 
the study of iC-theory, more specifically there exists a bifunctor KK that 
associates to every pair of C*-algebras {A, B) an abelian group KK{A, B) 
that can be defined as follows. (Here we follow [Blackadar(1998)"] ). 

Definition 3.10. A G-C* -algebra is a C* -algebra equipped with an action 
of G by * -automorphisms. Let A and B be (Z/2-) graded G-C* -algebras. 
Eg{A,B), the set of Kasparov G-modules for {A,B), that is the set of 
triples {E,(j),F), where E is a countably generated Hilbert B-module with 
a continuous action of G, (j) : A ^ '^{E) is a graded *- homomorphism, 
and F is a G-continuous operator in of degree 1, such that [F,(j){a)], 

(F2 - Id)4){a), {F - F*)(t){a) and {g ■ F - F)(P{a) are all in Si{E) for all 
a G A and g & G. The set Dg{A, B) of degenerate Kasparov modules is the 
set of triples in E{A,B) for which [F,(j){a)], (F^ - Id)(j){a), {F - F*)(j){a), 
and {g ■ F — F)(j){a) are for all a A and g & G. 

Example 3.11. Let (p : A ^ R{Mg) be a graded G-*-homomorphism. Then 
(]HIg,(/), 0) is a Kasparov G -{A, C) -module. We could also associate to (j) 

the Kasparov G-{A, C) -module (C C°p, 0, ( 'j' ;*,)). 5*0 there are two 



1 0^ 

canonical ways of associating elements of Eg{A,C) to each graded G-*- 
homomorphism from A to K(IIg) (which will give the same KKq -element 
when we divide by the equivalence relation). 
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Definition 3.12. A homotopy connecting (Eq, Fq) and (Ei, (pi, Fi) is 
an element {E,(j),F) of Eg{AJB) for which {E®f^B, fi o (p, fi^{F)) k.^ 
{Ei,4>i,Fi), where fi, for i = 0, 1, is the evaluation homomorphism from 
IB(:= C([0, 1\,B)) to B (here denotes the G-unitary equivalence). The 
homotopy respects direct sums. Homotopy equivalence is denoted // 
Eq = El, a standard homotopy is a homotopy of the form E = C([0, l],-Eo) 
(which is a Hilhert IB-module in the obvious way), (f) = {(pt), F = {Ft), 
where t ^ Ft and t (ptio-) are strong G-*-operator continuous for each 
a. A standard homotopy where in addition (pt is constant and Ft is norm- 
continuous is called an operator homotopy. 

Direct sums makes Eq{A,B) into an abelian semigroup. 

Definition 3.13. KKg{A,B) is the set of equivalence classes of Eg{A,B) 
under r^h- More generally, we set KKq{A,B) = KKg{A,B (g) Cliff{n)) 
where G acts trivially in Cliff{n). In each case, the set is an abelian semi- 
group under direct sum. 

The bifunctor KKg, has a strong relation with i^c-theory and K'^- 
homology of C*-algebras (for definitions of iC-theory and ii'-homology in 
this context consult Higson and Roe(2000)] ). In particular we have the 
following. 

Proposition 3.14 ( [ Blackadar ( 1998)| ) . There are natural isomorphisms 

K^{A) ^ KK'(^{C,A) and 
K^{A)^KK^{A,C), 

for n € Z. 

Given a G-*-homomorphism (p : A ^(Mg), one can assign an element 
in KKg{A,C) in two different ways (see example 13. lip , actually they are 
the same because when the homomorphism (p : A ^ ^(E) is compact the 
operator F is redundant i.e. all triples {E, (p, F) are operator homotopic 
independently of the choice F. Then we have a natural map 

21 : 7ro(e:(^, G)) ^ KK^GiA C) ^ K^{A) 

^ mG,(P,o)]. 

This association is really a natural transformation 21 from 7ro(£(_, G)) to 
KKq{_, C). To extend this natural transformation to all n > we need the 
following form of the Bott periodicity theorem. 

Theorem 3.15. ( ^Blackadar (1998)] Corol. 19.2.2]; For any A and B, we 

have 

KK^iA, B) ^ KKg{A, SB) ^ KKg{SA, B) 
and KKg{A,B) ^ KK}.{A,SB) ^ KK}.{SA,B) ^ KKg{S^A,B) ^ 
KKg{A,S'^B) = KKg{SA,SB), where the suspension of A is 

SA := {f : ^ A \ f is continuous }. 
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Given a homotopy class of an equivariant map f : ^ (t{A,G), this 
element can be viewed as an element of / € TrQ{SA). We define 

^^{A) : 7ri(e:(A, G)) KK^{A, C) 

by 

^\A)if) := 2l(yl)(/) G KKciSAX) = KKh{A,C). 

For every n > 1 the transformation 21" (A) is defined in an analogue way 
using theorem 13.151 repeatedly. 

The last construction gives a relation between the homotopy groups of 
the configuration space and the analytic construction of KJK-theory by 
Kasparov. 

Theorem 3.16. The map 

is an isomorphism for every n > 0, where is endowed with the trivial 
G-action. 

Proof. The proof is similar to the one of the non-equivariant case given in 
Segal(1977)] . By formal Bott periodicity in KK-theory (see |Blackadar(1998)| ) 



we have an isomorphism 

K^{S^) ^ KKg{C, Cliff(n - 1)). 

Let Fq{n) be the set of sequences {Aq, . . . , Aq) of commuting normal oper- 
ators of rank < n such that Aq + ■ ■ ■ + = 1. Embed F^{n) in 
by (Ao,...,Ag) I—)- {Aq (B -Kn+i, . . . , Aq) (where -Kn+i denotes the projec- 
tion over the last component), and let F^ = Un>iF^{n). Then because 
C[to, . . . ,tq]/{tQ + ■ ■ ■ + tq — 1) is a dense subalgebra of 1 + Co{S'^) there is 

a homeomorphism F^ = ^{S'^, G). 

In analogy with Atiyah and Singer(1969)l, from theorem 13.151 we can 
define representing spaces for Kq in the following way. Let (^^{n) be the 
space of G-equivariant unitary normal operators of rank < n over Cliff(g) ® 
Hg. 

Fact 3.17. (l Atiyah and Singer(196"9)j Pg. 8]^ = |J„>i ^q{n) is a rep- 
resenting space for Kq if q > 0. 

We have a map from F^ to if ei, . . . , are the generators of Cliff(g) 
the map is defined as 

(^0, ...,Aq)^Ao + Aid + ■■■ + Aqeq. 

Clearly this map is a homeomorphism, then the natural transformation 2t"(_) 
is an isomorphism when we evaluate in 5^. □ 
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4. Induction structure 

In this section we prove that the equivariant connective K-homology has 
an induction structure in the sense of the definition 12.21 Let a : H G 
be a group homomorphism {H and G finite groups). Let X be an if-space 
such that ker{a) acts freely on X, we have an inclusion 

ia : X ^ G Xa X 

X i-T- [e, x\. 

We start when the map a is an inclusion. 

Lemma 4.1. Given a subgroup H G and X an H-CW- complex then the 
inclusion i : X ^ G Xh X induces an isomorphism 

i.:l"{X)^i:{GxHX). 

Proof. M.G can be considered as a complete ff-universe (Hfj =u H// and up 
to homotopy it is independent of the choice of the isomorphism, therefore 
we have that 

(L{X, H)" = Hom*{Go{X),FR{mG))^. 

We define a map 

i, : Hom*{Go{X),FR{MG))^ ^ Hom*{Co{G Xh X),FR{mG)f 

F^i,{F) 

i*{F)if) = ^S2g-{Fig-'-f\x), 

where / S Cq{G xh X). On the other hand we define a map 

X : Hom*{Co{G Xh X),FR{MG)f Horn* {Go{X), FR{Mg))" 

F^Fo^, 

where ^ : Gq{X) Cq{G x^ X) is continuous and ff-equivariant such that 
^(/) \x= f and fi{f)\GxHX\x = for every / G Go{X). We have that 
Xoi^, = idfr(^x,H)"> because given / G Go{X), 

x(.i*{Fm) = i.{F){f,{f)) = 

' ' g&G ' ' heH 

On the other hand i^ o x = 'i'dc{GxHX,G)^ because given f £ Co{G x h X), 

UixiFW) = 4t E • (x{F){{g-' ■ f)\x)) = 
I I gee 

(FiKig-' • f)\x))) = 7^ E ^(^^ • • = ^(/)' 

' ' geG ' ' geG 

where the last equality is a consequence of / = Ylig^cd ' l^iid^^ ' 
Taking homotopy groups we obtain the desired result. □ 
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As a consequence of the above lemma we obtain. 

~? ~7 
Theorem 4.2. The functor is naturally equivalent to k'^; that is, the 

equivariant homotopy groups of ^{X, G) correspond to the equivariant con- 
nective K-homology groups of X when X is a finite G-CW-complex and G 
is finite. 

Proof. We already proved in theorem 13.161 that the natural transformation 
2t defined in the above section is an isomorphism when X = with a 
trivial G-action. To prove the theorem it is enough to prove that 21 is an 
isomorphism when X = A G/H with trivial G-action over and the 
usual G-action over G/H, it is because any G-CW-complex is built with 
cells X G/H. Consider the commutative diagram 

kf{S') ^^^^ K^{S') 



kf{S^ A G/H) > K^{S^ A G/H) 

where z=k : k^{*) — )• k^{G/H) is the isomorphism obtained in the above 
lemma and : {*) — > K^{G/H) is the isomorphism obtained from the 
indicution structure for K-homology (see [Luck(2002)] ). Prom this diagram 
we can obtain that 

21(5^ A G/H) : kf{S^ A G/H) K^{S^ A G/H) 

is an isomorphism. □ 

As a corollary of this theorem we see that we have constructed a model 
for the spectrum of equivariant K-theory for finite groups. More specifically 

Theorem 4.3. The sequence of spaces 

K^:= e:(5",G) 

is a spectrum representing equivariant K-theory. It is a generalization of the 

spectrum described in Segal(1977)] or Hohnhold et al.(2010)Hohnhold, Stolz, and Teichner 



We can extend the functor k^ to non-connected spaces just defining 
k^{X) :=^f+i((j:(SX,G)). 



As usual we define the unreduced functor k as 

k?iX) ■.= ~£{X+), 

where X+ = XU{-|-} and the basepoint of X+ is -|-. To obtain the induction 
structure when a is an arbitrary map we need a lemma. In the following we 
call this functor by A;*. 
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Lemma 4.4. Let X a G-CW-complex such that N < G acts freely in X 
then there is natural isomorphism tt* : k^{X) — > kf^^{X/N) induced by 
TT-.X^ X/N. 

Proof. The algebra Cq{X/N) can be identified with Cq{X)^ , the algebra of 

continuous maps from X to C that is invariant by the action of TV, having 
this identification in mind consider the natural application 

Co(X) A Co(X/iV) 

This allows to define a *-homomorphism 

Hom*{Co{X/N),FR{mG,N)f''' A /fom*(Co(X), Fi?(MG/iv) 

Aop. 

On the other hand Hg/jv can be identified with (Hg)^, then we can suppose 
that Aope Horn * (Co(X), Fi?((MG)^)). Let G G, tt : G ^ G/N be the 
quotient map and / G Co(X), then 

{g ■ {Aop)){f) = 9{{Aop)ig-' • f)g-^ = giA{7r{g-') ■ {p{f))))9-' 

= 7r(<7)(^(vr(5-i) • (p(/))))7r(ff-i) = A{p{f)), 

hence ^ op G Horn * {Co{X), FR{{Mg)^))^ ■ Now consider the following 
commutative diagram 

i(o(A(p(/)))op 

Hg ^ Hg 



(Hg)^ ^ (Mg)^ 

It implies that i o {A{p{_))) ope Horn * (Co(X), FR{IlG)f. Then we have 
a natural map 

X : e:(X/iV, G/N)^/^ G)^ 
A I-)- i o o p) o p. 

We will prove that x is a weak homotopy equivalence. 

The map X — > X/N is a G-covering, this implies that X = Uj?7j, where 
each Ui =g G Xjj Ui, and Ui is a G-contractible open set where H acts 
trivially, Ui ~g G and 7r(C/j) ~G/Af G/A^. 

The map x* '■ {G/N) — )• kf{G) is an isomorphism because we have 
the following commutative diagram 
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and the map i* is an isomorphism (lemma [4.1|) . Now, the result for general 
X follows by an induction argument using a Mayer- Vietor is sequence. □ 

With the above lemmas we can obtain an induction structure. 

Theorem 4.5. Given a : H ^ G such that ker{a) acts freely in X , the 
map i : X ^ G Xfj X induces a a natural isomorphism 

i,:k^{X)^kf{GxHX). 

Proof. If Q : — > G is a group homomorphism a can be obtained as the 
composition 

H im{a) A G, 

then G Xh X =q G Xj (im{a) X), and this allows us to obtain the 
following isomorphisms 

If (G XH X) ^ ^{G Xi {im{a) x, X)). 
On the other hand lemma 14.11 implies 

k*{G Xj {im{a) x^, X)) = V^^"\im{a) x^ X), 
from the homomorphism a : H ^ im{a) we obtain that a : H/ker{a) — )• 
im{a), and then 

k^ \im{a) x^X)^kJ '{H/ker{a) x^ X) 
where tt : H ^ H/ker{a) is the quotient map. Finally lemma [33] implies 



~H/ker(a) , , , , , ~H , 

kj ' \H/ker{a)x^X)^k,{X). 



□ 



We will verify the properties in the definition 12.21 For this we use that 
the map defined to obtain the above isomorphism is the invariantization. 

(1) Compatibility with the boundary homomorphism. lip : E ^ 

B is a G-quasifibration we have a connecting morphism 

9^:7r^(i?)^7r„_i(F), 

defined in the following way, if [ip] £ iT^{B,b), this element can 
be viewed as an element of 7r^{E,p^^{b),XQ) = 7r,^(F, /) (since p 
is a quasifibration) , then the image of <p by this identification that 
we denote by if : (L)",(9L)") —?■ {E'^ ,{p~^{b))'^ ,xq), restricted to 
dD = S^~^ and taking its homotopy class [^^n-i] can be viewed 
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as an element of 7r^_^(-F, /). The above argument implies that the 
connecting morphism in this case is given by a restriction. The 
compatibility with the boundary map follows from the fact that the 
invariantization commutes with restrictions. 

(2) Functoriality. This property follows from the fact that to take 
invariantization is transitive, that means, if we have homomorphisms 
a : H ^ G and (3 : G ^ K then the invariantization map defined 
from Gq{K XjSoa X) to Co{X) with X a -fT-space is the composition 
of the invariantizations defined from G(){K x^oo X) to Cq{G Xq X) 
and from Co(G x„ X) to Cq{X). 

(3) Compatibility with conjugation. This property follows from the 
fact that to conjugate and later to take the invariantization is the 
same as to take the invariantization without conjugate. 

The above argument and theorem 14.51 proves the following. 

Proposition 4.6. The functor ■k^{_,?) is an equivariant homology theory in 
the sense of definition \2.S[ 

5. The algebra dci^) 

Segal following some ideas in [Grojnowski(1996)] studied the algebra 

d'^iX) = ^q-KsAXn®C, 

endowed with a product defined using the induction functor on equivariant 
K-theory. Segal found an isomorphism between ^'^{X) and the homology of 
the configuration space ^{X). More specifically: 

Theorem 5.1 (|Sega l(1996)] ). Let X be a Spin'^ -manifold, then there is a 
Hopf-algebra isomorphism 

rix) = H,{(tixyx), 

where -?/*(C(X);C) is endowed with the Pontryagin product. 

The goal of this section is to obtain an equivariant version of the above 
theorem, and to do that we consider the Hopf algebra 'Sq{X) defined in 



Wang(2000)] . This algebra is the equivariant analogue of ^"^{X). We will 



show that there is a Hopf algebra isomorphism between the homology of the 
fixed point space H^{(t{X, G)^ - C) and ^%{X ). 

We define ^'q{X) following [Wang(2000)| . Let X be a topological space 
endowed with an action of a finite group G. We consider the wreath product 
Gn := G ^ Sn which is a semidirect product of the n-th direct product 
of G and the symmetric group Sn, if G acts in X there is an action 
of the group G„ on X" induced by the actions of and Sn on X" . In 
Wang(2000)] Wang studied (motivated by Segal(1996)| ) , several structures 



that appear in the group 



n>0 
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where Kq{S) = K^i-) K^{-). In particular Wang shows that dai^) 
admits a natural Hopf algebra structure that we describe in the following. 

Note that KQ[pt) is isomorphic to the Grothendieck ring R{G) and that 
Kcipt) (giC is isomorphic to the ring Class{G) of class functions on G. The 
bilinear map * induced from the tensor product 

Kcipt) ^ KciX) ^ KciX) 

gives rise to a natural i^G(pt)-module structure on Kg{X). Thus Kg{X)®C 
naturally decomposes into a direct sum over the set of conjugacy classes 
of G. The following theorem Atiyah and Segal(1989)] gives a description of 



each direct summand. 

Fact 5.2. There is a natural Z2-9i"0-ded isomorphism 

: Kg{X) C ^ K{XyZG{g)) ® C. 
[g] 

Explicitly the isomorphism (p is defined as follows when X is compact: if 
E is a G-vector bundle over X its restriction to X^ is acted by g with base 
points fixed. Thus E\x9 can be decomposed as a direct sum of subbundles 
consisting of eigenspaces of g fiberwise for each eigenvalue p of g. The 
group ZG{g) acts on X^ and J2i_i^fi ^ indeed lies in the ZG'((7)-invariant 
part ofK^{X9)0C. Put 



{E) = ^E^(g)pe K\xyZG{g)) ®C = K^xaf^^a'^ C. 



The isomorphism (f) on the part is given by = ®[g\(^Gt(t^g- Then we 
can extend the isomorphism (f) to as Kq{X) can be identified with the 
kernel of the map from Kq{X x S^) to Kq{X) given by the inclusion of a 
point in S^. When X is a point the isomorphism (f) becomes the map from 
a representation of G to its character. 

We denote 

n>0 

where q is a. formal variable counting the graded structure of '$g{X). 

Define a multiplication • on ^g{X) by a composition of the induction map 
and the Kunneth isomorphism k: 

iKGAxn®cMKGjx"^)®c) 4 KG„.G^ix-^n®c ^ Kg„^JX-+"^). 

We denote by 1 the unit in Kgo{X^) = C. 

On the other hand we can define a comultiplication A on '^GiX), given by 
a composition of the inverse of the Kunneth isomorphism and the restriction 
from Gn to Gk x Gnk- 

n n 

KG^Xn^C ^ i^G„xG„_(^")®C ^ KgJX^)^Kg^,^{X-- 

m=0 m=0 
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We define the counit e : dciX) C by sending Kc^iX"^) (n > 0) to 
and 1 G Kgo{X°) = C to 1. 

Theorem 5.3. ( iWang(2000")| Thm. 2] or |Segal(1996)l ; With the opera- 
tions defined as above, ^q{X) becomes a graded Hopf algebra. 

It is possible to give an explicit description of ^^{X) as a graded algebra 
which in particular calculates the dimension of Kg„{X'"') (8) C. 

Theorem 5.4. f ]Wang(2000)| Thm. 3]^ As a (Z+ x Z2) -graded algebra 
^q{X) is isomorphic to the supersymmetric algebra §>{@^-yY(f'KG{X)). In 
particular, 

rr n _(_ ^r\dimK^{X) 

d^m,mX) := ^C) = ^^^^^ Lr^KUxY 

n>0 llr>li^ -1 ) ^ 

The supersymmetric algebra here is equal to the tensor product of the sym- 
metric algebra S{®n>i4"'KQ{X)) and the exterior algebra A(©„>ig'^i^g,(X)). 

The prove of the above theorem follows from applying in an appropiate 
way the fact 15.21 and to use a formula for the G-induced character of a 
i/- vector bundle {H C G), see for example [Velasquez(2008)] . 

Remark 5.5. When X is a point, dcipt) = ©n>o-^(^n)- -^'^ particular, 

dimgdG{pt) = ll{l-qn^'^'^. 

r>l 

5.1. Chern character. We want to find a description of H^{<L{X,G)'^;C) 
and to do that we use a Chern character defined by Liick in [Luck(2002)| . 
Here we consider H^{€{X,G)'^]C) with the product induced by the Hopf- 
space structure of ^{X, G)^ , that we define as follows. 

Given Fi G i/om*(Co(X), Fi?„(llG))^ and F2 G Hom*{CQ{X),FRm{^G))^ , 
we define 

Fi • F2 G Hom*{CQ{X),FRn+m{^G)f 
{Fi-F2){f) ■.= F,{f)®F2{f), 
where © is the internal direct sum of operators, defined as the composition 

UG^^^^i^^MGeMG^MG, 

where C is a G-isomorphism of complete G-universes. With this operation 
G)'-' is a pathwise connected homotopy associative Hopf space with 

unit. 

Proposition 5.6. Let X be a finite G-CW-complex we have an isomorphism 
H,{(t{X, Gf; C) ^ §(k^iX) C). 
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Proof. By the theorem 12. 161 there is an isomorphism of graded Hopf algebras 

H,{(t{X,Gf;C)^§{7r,{€{X, Gf;C)), 
but by the theorem 14.21 we have the desired isomorphism 
HM€{X, Gf;C))^§(kf{X)0C). 

□ 

We win apply the Chern character defined by Liick to the equivariant 
homology theory A:;. 

For a subgroup H Q G we denote by Ng{H) the normalizer and by 
Gg{H) the centralizer of H in G. Let H-Gg{H) be the subgroup of Ng{H) 
consisting of elements of the form he for h £ H and c G Cg{H). Denote by 
Wg{H) the quotient Ng{H)/H ■ Cg{H). Notice that Wg{H) is finite if H 
is finite. 

Let classQ^H) be the ring of functions Q which satisfy /(/ii) = 

/(/12) if the cyclic subgroups (hi) and (/12) generated by hi and /i2 are 
conjugate in H. Taking characters yields an isomorphism of rings 

X : RqiH) ®z Q ^ dassQ{H). 

Given a finite cyclic group C, there is the idempotent 9^ G classQ{C) which 
assigns 1 to a generator of G and to the other elements. This element 
acts on H^{*). The image im{9^ : H^{*) — )■ H^{*)) of the map given by 
multiplication with the idempotent 9q is a direct summand in H^{*) and 
will be denoted by 9^ ■ H^{*). 



Theorem 5.7. ( |Luck(2002) Thm.0.3]j Given a proper equivariant homol- 
ogy theory "KI with coefficients in the complex class function ring. For any 
group G and any pr.oper G-CW-pair {X,A), let J be the set of conjugacy 
classes (C) of finite cyclic subgroups G of G. Then there is an isomorphism 
of proper homology theories 



chl : 'BJll ^ :kI 



such that 



'BJi^{X,A;C)= HpiiX^, A^)/GG{G);C)^c[Wa{C)]M9S :^^i*;C) ^^^i*-,C)). 

p+g=n (c)eJ 

Using the above theorem we obtain 

Theorem 5.8. Let X be a G-CW-complex there is natural isomorphism 

kf{X) ^ C ^ H^{X; C) (g, C[q] ^ K^{X) (g, C[q]. 

Proof. In the case of kf, im{9'^) = k^{*) C = C, then the chern character 
reduces to 

k^{X) ® C ^ H^{X- C) e H^_2{X; C) • • • , 
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where H^{j,C) denotes the Bredon homology with coefficients in the com- 
plex class function ring. Taking the sum over n G N we obtain a graded 
C-vector space isomorphism: 

k^iX) Hf{X- C) C[q] ^ Rf{X) ® C[q] 

or in the reduced case 

kf{X) C ^ H^{X; C) C[q] ^ Af (X) ^ C^, 

where the last isomorphism is obtained using theorem 15.71 applied to the 
equivariant homology theory in a similar way as we do for /cj. □ 

5.2. A description of F*((J:(X,G)'^;C). Finally we obtain the main result 
of the section. 

Theorem 5.9. Let X be a even dimensional G-Spin'^ -manifold. We have 
an isomorphism of graded algebras 

H4(t{X,Gf;C)^dU^)- 

Proof. As X is an even dimensional G-manifold with a G-Spin'^ structure 
we can use Poincare duality in the form of fact 12.91 and obtain the following 
isomorphism of graded Hopf algebras 

Hkf{X) C) - §(0 q-KG{X+)) - S(0 q'^KciX)). 

n>l n>l 

Combining proposition 15. 6| the above isomorphism and theorem 15.41 we 
obtain 

H4(i{X,Gf;C)=dU^)- 

□ 

When X = {*} we obtain: 
Corollary 5.10. 

H,{{BUGf;C)^dU{*}) = ®RiGn)^C. 

n>0 

We also have 

H^iiBUcf-X) ^ §(0 RiGn) 0C)^ C[[al ...,a1\al.. .]] 

n>0 

where {aj , • • • , o"^' } is a complete set of non isomorphic irreducible represen- 
tations of Gn and the degree of ai is equal to 2i. We hope that the elements 
(jf correspond with the G-equivariant Chern classes. 
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